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The growth rate of the out-of-time-ordered correlator in a N-flavor Fermi gas is investigated
and the Lyapunove exponent λL is calculated to the order of 1/N . We find that the Lyapunove
exponent monotonically increases as the the interaction strength increases from the BCS limit to
the unitary region. At the unitarity the Lyapunove exponent increases while the temperature drops
and it can reach to the order of λL ∼ T around the critical temperature for the N = 1 case. The
system scrambles faster for stronger pairing fluctuations. At the BCS limit, the Lyapunov exponent
behaviors as λL ∝ e
µ/T a2sT
2/N .
I. INTRODUCTION
Information scrambling is a crucial stage in thermaliza-
tion of a closed system. During this process the quantum
entanglement spreads across all the freedoms of the sys-
tem and the memory of the initial state is lost, which is
taken as a key prerequisite for thermalization. Recently,
the studies in gauge gravity duality have inspired some
new insights into the quantum chaos[1–8]. It is suggested
the black holes are the fastest scramblers in nature[1].
Moreover, the experimental realizations of nearly iso-
lated quantum systems also attract increasing attention
to this area [9–11]. Analogous to the Lyapunov expo-
nents describing the growth of chaos in classical models,
the scrambling to the quantum chaos can also be probed
by growth rate of so called out-of-time-ordered correlator
(OTOC).
The OTOC was first introduced by A. I.
Larkin and Yu. N. Ovchinnikov in the study of
superconductivity[12]. Recently, this subject is re-
vived by the discovery of an unexpected bound on
the Lyapunov exponent that is extracted from OTOC
[1, 13]. Several experiments on measurement of OTOC
have been conducted [14–17]. Usually, in stead of
directly calculating the OTOC it’s more convenient to
evaluate the ”regulated” squared commutator defined
C(t) = Tr{√ρ[W (t), V (0)]†√ρ[W (t), V (0)]} [18, 19],
where ρ = e−βH is the thermal density matrix and W
and V are local Hermitian operators in general. It can be
expanded as C(t) = 2Tr{√ρW (t)V (0)√ρV (0)W (t)} −
2Re[Tr{√ρW (t)V (0)√ρW (t)V (0)}]. The first term is
time ordered. On the other hand, the second term is
on an unusual time order as illustrated in Fig. 1 and
it’s called OTOC. In a chaotic system C(t) is expected
to have an exponential behavior at the time scale tL
as C(t) ∼ eλLt. Analogous to the classical chaos, λL is
called Lyapunov exponent and t−1L ∼ λL. Based on some
reasonable physical assumption, Lyapunov exponent
is proven to have an upper bound of 2πkBT/~ and
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it saturates in models with gravity duals[1, 13]. An
concrete example is the celebrated Sachdev-Ye-Kitaev
(SYK) model[20–22] which holds a conformal symmetry
in the low-energy limit and is dual to an AdS2 gravity
theory.
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FIG. 1. The complex time contour for calculating the out-of-
time-oredered correlators. The horizontal direction represents
the real time evolution and the vertical direction respresents
the imaginary time evolution. It contains two real time folds,
which are seperated by iβ/2.
In condensed matter physics, the systems usually don’t
possess conformal symmetry. However, there exist some
exceptions. At the critical point the conformal symme-
try can emerge for low energy and long distance. In-
vestigations have been done in this regime [19, 23, 24].
In these system there are no quasi-particle excitations
and the temperature is the only relevant scale. The Lya-
punov exponents are found to obey the relationship of
λL ∼ κT . The unitary Fermi gas is another example
with scaling invariance. With the properties of highly
controllable and hyper clean it can be a perfect play-
ground to investigate the information scambling[25, 26]
and thermalization in closed quantum systems. At the
unitary point, the non-relativistic conformal symmetry
emerges and investigations have been taken to discuss its
duality to a gravity theory[27, 28]. The behaviors of the
Lyapunov exponent have been studied at both high tem-
2perature and low temperature limits [29]. However, it is
more interesting to investigate the behavior around the
critical temperature, where it has been shown more close
to a non-Fermi liquid behavior[30–33].
In this work, we calculate the Lyapunove exponent of a
N-flavor Fermi gas with tunable interaction. The OTOC
is evluated by a series of ladder diagrams and the Lya-
punov exponent is calculated to the order of 1/N . As
the interaction strength increases from the BCS limit to
the unitary regime we find that the Lyapunov exponent
monotonically increases while the temperature is fixed.
We also investigate the temperature dependence of the
Lyapunov exponent at the unitarity. λL can increase to
λL ∼ T for N = 1 case when the temperature is close to
the critical temperature. Furthermore, we also find that
the Lyapunov exponent behaves as λL ∝ za2sT 2/N for
high temperature at the BSC limit, where as → 0−.
II. MODEL
We will start from a system with N fermion flavors.
The Hamiltonian can be cast as
Hˆ =
∫
d3r
{∑
iσ
ψˆ†iσ(r)(−
∇2
2m
− µ)ψˆiσ(r)
− g
N
∑
ij
ψˆ†i↑(r)ψˆ
†
i↓(r)ψˆj↓(r)ψˆj↑(r)
}
, (1)
where ψiσ(ψ
†
iσ) is the annihilation(creation) operator of
the fermion field with flavor i and spin σ. Parameter
g is the bare interaction strength between the fermions.
Here we assume the interaction strengths between differ-
ent flavors are the same, and it can be related to a s-wave
scattering length as by the following renormalization re-
lation
1
g
= − m
4πas
+
∫
d3k
(2π)3
1
2ǫk
, (2)
where ǫk = k
2/2m, andm is the mass of the fermions. By
introducing an auxiliary bosonic field ϕ the four-fermion
interaction term can be decoupled through the Hubbard-
stratonovich transformation. Then in the imaginary time
path integral formulism the partition function can be
written as Z = ∫ D[ψiσ , ψ†iσ, ϕ, ϕ¯]e−S[ψiσ,ψ†iσ,ϕ,ϕ¯], where
the action S is
S[ψiσ, ψ
†
iσ, ϕ, ϕ¯] =∫
dτd3r
(∑
iσ
ψ†iσ(τ, r)(∂τ −
∇2
2m
− µ)ψiσ(τ, r)−
∑
i
ϕψ†i↑ψ
†
i↓ −
∑
i
ϕ¯ψi↓ψi↑ +
Nϕ¯ϕ
g
)
. (3)
In this work we set ~ = 1.
The imaginary time Greens’ functions of fermion and
boson are defined as δijδσσ′G(τ, r) = 〈ψ†iσ(τ, r)ψjσ′ (0, 0)〉
and G(τ, r) = 〈ϕ¯(τ, r)ϕ(0, 0)〉, respectively. In the mo-
mentum space the free propagators can be simply ex-
pressed as
G(0)(iωfn,k) =
1
iωn − ǫk + µ,
G(0)(iωbn,k) = g/N, (4)
where ωfn = (2n+ 1)π/β and ω
b
n = 2nπ/β are the Mat-
subara frequencies for fermions and bosons, respectively,
and β = 1/kBT . In order to calculate the Lyapunov ex-
ponent up to the order of 1/N we will involve the dressed
propagators of fields ψ and ϕ as shown in Fig. 2. The
dressed propagator of ϕ is a resummation of bubble dia-
gram. Then, it’s written as
G(iωbn,k) =
g/N
1− gΠ(iωbn,k)
, (5)
where Π(iωbn,k) is the one-loop bubble
Π(iωbn,q) =
∫
d3k
(2π)3
1− nF (ǫk − µ)− nF (ǫq−k − µ)
−iωbn + ǫk + ǫq−k − 2µ
.
(6)
nF (ǫk − µ) = 1/ exp(β(ǫk − µ) + 1) is the Fermi-Dirac
distribution function. The dressed propagator of field ψi
is
G(iωfn,k) =
1
−iωfn + ǫk − µ− Σ(iωfn,k)
, (7)
where the self-energy of fermions Σ(iωfn,
~k) is expressed
as
Σ(iωfn,k) =
1
β
∑
ωbm
∫
d3q
(2π)3
G(iωbm,q)
−iωbm + iωfn + ǫq−k − µ
.
(8)
The corresponding retarded Green’s func-
tions are defined as usual as δijδσσ′GR(t, r) =
−iθ(t)〈{ψiσ(t, r), ψ†jσ′ (0, 0)}〉 and GR(t, ~r) =
−iθ(t)〈[ϕ(t, ~r), ϕ¯(0, 0)]〉, where θ(t) is the heav-
iside step function. In momentum space the
forms of the retarded Green’s functions can be ob-
tained by the analytic continuation of the Eq.(5)
and (7) as GR(ω,k) = G(iωbn → ω + i0+,k) and
GR(ω,k) = G(iω
f
n → ω + i0+,k). Then GR(ω,k) is
written as
GR(ω,k) =
1
−ω − i0+ + ǫk − µ− Σ(ω + i0+,k) . (9)
Hence, in the dressed retarded Green’s function the pole
is modified by the self-energy. Working to the first order
in Σ the pole can be approximately calculated as ω∗ =
ǫk− µ−ReΣ(ǫk −µ+ i0+,k) + iΓ(k), and the quantum
scattering rate Γ(k) is defined as Γ(k) ≡ − ImΣ(ǫk−µ+
i0+,k).
In order to evaluate the OTOC we need to define the
symmetrized Wightman function as
δijδσσ′GW (t, r) = Tr{√ρψiσ(t, r)√ρψ†iσ(0, 0)},
3GW (t, r) = Tr{√ρϕ(t, r)√ρϕ¯(0, 0)}. (10)
In the momentum space they can be written in terms of
the spectral functions of fields ψiσ and ϕ as
GW (ω,k) =
AF (ω,k)
2 cosh(ωβ/2)
,
GW (ω,k) = AB(ω,k)
2 sinh(ωβ/2)
, (11)
The spectral functions can be calculated as the imagi-
nary parts of the retarded Green’s functions, AF (ω,k) =
−2 ImGR(ω,k) and AB(ω,k) = −2 ImGR(ω,k).
III. THE LYAPUNOV EXPONENT
In order to calculate the Lyapunov exponent it’s
convenient to evaluate the ”regulated” squared anti-
commutator defined as [19, 24]
C1(t) =θ(t)
N2
∑
i,j
∫
d3rTr
[√
ρ{ψi↑(t, r), ψ†j↑(0, 0)}
×√ρ{ψi↑(t, r), ψ†j↑(0, 0)}†
]
. (12)
The factor 1/N2 is to normalized the summation of in-
dices i, j. Since the system is symmetric about exchang-
ing spin indice, without losing any generality we inves-
tigate the ”regulated” squared anti-commutator of field
ψi↑ as above. For the calculation up to the order of 1/N
the squared anti-commutator C1 will couple to another
squared anti-commutator C2 as demonstrated in Fig. 2
(c). The squared anti-commutator C2 is written as the
following
C2(t) =θ(t)
N2
∑
i,j
∫
d3rTr
[√
ρ{ψ†i↓(t, r), ψ†j↑(0, 0)}
×√ρ{ψ†i↓(t, r), ψ†j↑(0, 0)}†
]
. (13)
At the moment of t = 0 the above anti-commutators
vanish because of r 6= 0. However, in chaotic sys-
tem the time evolution of the operators may involve
increasing degree of freedoms. As a result the fields
become nonlocal at later time. It is conjectured that
the squared anti-commutators will have an exponential
growth Ci(t) ∼ eλLt at short time. Analogously to the
approach in ref. [18], in order to compute the λL to the
leading order in 1/N we only keep the fastest-growing
diagrams, which is a set of ladder diagrams as shown
in Fig.2 (c). The ”rails” of the ladder correspond to
the retarded Green’s functions. They are defined on the
two real time folds. The two rails are separated by an
imaginary time difference iβ/2 and they are connected
by ”rungs”. The ”rungs” correspond to the Wightman
Green’s functions.
The Fourier transformation of Ci(t) is denoted as Ci(ω)
with Ci(t) =
∫
dωe−iωtCi(ω). To sum up all the ladder
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FIG. 2. (a) The Feynman diagram of the Dyson-Schwinger
equation for field ϕ. (b) The Feynman diagram of the Dyson-
Schwinger equation for field ψiσ. The double solid (dashed)
line and the solid (dashed) line represent the dressed and free
propagators of ψiσ(ϕ), respectively. (c) The Feynman dia-
grams of the Bethe-Salpeter equations of the squared anti-
commutators.
series it’s convenient to define functions fi(ν;ω,k) as
Ci(ν) = 1
N
∫
dωd3k
(2π)4
fi(ν;ω,k). (14)
The lowest order of f1(ν;ω,k) is simply expressed as
GR(ω,k)G
∗
R(ω − ν,k). Summation of all the ladder dia-
grams yields the Bethe-Salpeter equations
f1(ν;ω,k) =GR(ω,k)G
∗
R(ω − ν,k)
(
1 +
∫
dω′d3k′
(2π)4(K1(ν;ω,k;ω′,k′)f2(ν;ω′,k′)
+K2(ν;ω,k;ω′,k′)f1(ν;ω′,k′)
))
,
f2(ν;ω,k) =GR(ω,k)G
∗
R(ω − ν,k)∫
dω′d3k′
(2π)4
K1(ν;ω,k;ω′,k′)f1(ν;ω′,k′),
(15)
where K1 and K2 are the integral kernels corresponding
to the one-rung and two-rung diagrams in Fig.2 (c), re-
spectively. They are written as
K1(ν;ω,k;ω′,k′) = GW (ω′ + ω,k+ k′),
K2(ν;ω,k;ω′,k′) =
N
∫
dω′′d3k′′
(2π)4
GR(ω′′,k′′)G∗R(ω′′ − ν,k′′)
×GW (ω + ω′′,k+ k′′)GW (ω′ + ω′′,k′ + k′′).
(16)
For the following calculation we will take several ap-
proximations. Firstly, one expects that the f1(ν;ω,k)
to be exponentially growing, while first term of f1 in
Eq. (15) will be decaying. Hence, this term can be
safely dropped without affecting the evaluation of the
4growth rate. Secondly, the pair of fermionic Green’s func-
tions GR(ω,k)G
∗
R(ω − ν,k) in Eq. (15) can be approx-
imated as 2πiδ(ω−ǫk+µ)ν+2iΓ(k) . Thirdly, because in the above
approximation all pairs of the retarded Green’s func-
tions include a on-shell delta function, it’s natural to
postulate the on-shell form of fi(ν;ω,k) as fi(ν;ω,k) ≈
fi(ν;k)δ(ω−ǫk+µ)[18, 19]. Please refer to the appendix
A for the details of the approximation. With all above
approximations the Bethe-Saltpeter equations of Eq.(15)
can be reduced to
(−iω + 2T Γ˜(k˜))f1(ω; k˜) =
T
N
∫
dk˜′k˜′
k˜
(
K˜1(k˜, k˜′)f2(ω; k˜′) + K˜2(k˜, k˜′)f1(ω; k˜′)
)
,
(−iω + 2T Γ˜(k˜))f2(ω; k˜) = T
N
∫
dk˜′k˜′
k˜
K˜1(k˜, k˜′)f1(ω; k˜′),
(17)
where the momenta have been rescaled to be dimension-
less as k˜ = k/
√
T and k˜′ = k′/
√
T . Correspondingly we
define a dimensionless quantum scattering rate Γ˜ = Γ/T .
Here we have assumed the function f(ω,k) is rotation-
ally invariant and integrated over the angles. Then the
function fi(ω,k) is reduced to fi(ω, k) in Eq. (17) . The
dimensionless functions K˜1 and K˜2 are written as
K˜1(k˜, k˜′) = N
∫ k˜′+k˜′′
|k˜′−k˜′′|
p˜dp˜
(2π)2
G˜W (ǫ˜k′ + ǫ˜k′′ − 2µ˜, p˜),
K˜2(k˜, k˜′) = N2
∫
dk˜′′dω˜′′
128π5
|G˜R(ω˜′′, k˜′′)|2Θ(k˜, k˜′, k˜′′)
cosh( ǫ˜k−µ˜−ω˜
′′
2 ) cosh(
ǫ˜k′−µ˜−ω˜
′′
2 )
,
(18)
where k˜′′ = k′′/
√
T , ω˜′′ = ω′′/T , ǫ˜k = ǫk/T and µ˜ = µ/T
and the bosonic retarded Green’s functions and Wight-
man function are also rescaled to be dimensionless by
G˜R =
√
TGR and G˜W =
√
TGW . The Θ function is de-
fined as Θ(k, k′, k′′) = θ(2k′k′′+ ǫk′′ −µ+ k′′2)θ(2k′k′′−
ǫk′′+µ−k′′2)θ(2kk′′+ǫk′′−µ+k′′2)θ(2kk′′−ǫk′′+µ−k′′2).
To more easily solve for the Lyapunov exponent the
Bethe-Saltpeter equations of Eq. (17) can be written in
a simply form
−iωF(ω; k˜) = T
N
∫
dk˜′S(k˜, k˜′)F(ω; k˜′).
(19)
where FT (ω; k˜) = (k˜f1(ω; k˜), k˜f2(ω; k˜)) and the dimen-
sionless integral kernel S(k˜, k˜′) is defined as following
S(k˜, k˜′) =(K˜2(k˜, k˜′)− 2N Γ˜(k˜′)δ(k˜ − k˜′) K˜1(k˜, k˜′)
K˜1(k˜, k˜′) −2N Γ˜(k˜′)δ(k˜ − k˜′)
)
.
(20)
We do not know how to solve Eq. (19) analytically.
However, it can be solved numerically by discretizing the
momenta k˜ and k˜′ in the integral kernel S(k˜, k˜′). Then,
.
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FIG. 3. (Color online) (a) λL/T as a function of 1/askF .
The red solid, the blue dotted and the green dashed curves
correspond to different temperatures T/TF = 0.24, 0.33 and
0.44, respectively. (b) λL/T as a function of temperature
T/TF for case of 1/askF = 0.
the integral becomes the summation over the discrete
momentum and Eq. (19) can be written as
−iωF(ω; k˜i) = T
N
∑
k˜j
S(k˜i, k˜j)F(ω; k˜j), (21)
where k˜i is the discrete momentum with a small inter-
nals. Obviously −iω is given by the eigenvalues of the
kernel S(k˜i, k˜j) multiplied by a factor T/N . The Lya-
punov exponent corresponds to the largest eigenvalue.
Please refer to the appendix B for the details of the nu-
merical calculation of the Lyapunov exponent.
IV. QUANTUM CHAOS AT THE UNITARY
POINT
In this section we study the case of unitary Fermi gases
by setting N = 1. This is not a fully controllable choice.
5However, since we only focus on the variations of the Lya-
punov exponent with respect to the scattering length as
and the temperature, it may generate qualitative correct
interpretation as the large N cases and inspire useful in-
sight. In Fig. 3 (a) we plot λL/T as a function of 1/askF
for fixed temperature T/TF = 0.24, 0.33 and 0.44. If we
compare these temperatures with the critical tempera-
ture calculated in the Nozie`res and Schmitt-Rink (NSR)
scheme [34, 35], which is Tc = 0.22TF at 1/askF = 0,
they can be written as T/Tc = 1.1, 1.5, and 2.0. One
observes that the Lyapunov exponent monotonically in-
creases as 1/askF goes from the BCS limit to the unitary
regime. For lower temperature the λL increases much
faster the the higher temperature cases. At the unitary
point 1/askF = 0 we polt λL/T as a function of tem-
perature T/TF in Fig. 3 (b). As the temperature drops
the Lyapunov exponent monotonically increases and ap-
proaches the upper bound 2πT . At the temperature of
T/TF = 0.24, which corresponds to T/Tc = 1.1 the Lya-
punov exponent can reach a value of λL ≈ 3.2T . Here we
would like to point out that we won’t be able to expolre
the region very close to Tc, where our numerical calcu-
lation becomes unstable since the propagator of Eq. (5)
diverges at Tc.
At the unitary point and temperature close to the crit-
ical point the system possesses two features. Firts, the
system is scaling invariant. It obeys the non-relativistic
conformal symmetry (the Schro¨dinger group). Investi-
gations have been taken for the possible non-relativistic
version of ADS/CFT duality [27, 28]. Second, it has been
shown that around the critical temperature the system
demonstrate a behavior of non-Fermi liquid due to the
strong pairing fluctions [30–33]. several researches has
shown that certain systems lacking of quasi-particle ex-
citations demonstrate strong chaos [19, 23, 24, 36, 37].
Hence, it’s not surprising that our system scrambles the
fastest at the unitarity and the temperature close to Tc.
V. THE BEHAVIORS IN THE BCS LIMIT
At the BCS limit the scattering length as → 0−. The
retarded Green’s function GR of the field ϕ can be ex-
panded in terms of small as as the following
GR(ω,k)
=
1/N
− m4πas +
∫
d3k
(2π)3
1
2ǫk
− ∫ d3k(2π)3 1−nF (ǫk−µ)−nF (ǫq−k−µ)−ω−i0++ǫk+ǫq−k−2µ
∝ as/N. (22)
Notice that the temperature must be far from the
critical temperature. Otherwise, according to the
Thouless criterion one has − m4πas +
∫
d3k
(2π)3
1
2ǫk
−∫
d3k
(2π)3
1−nF (ǫk−µ)−nF (ǫq−k−µ)
−ω+ǫk+ǫq−k−2µ
→ 0 when T approaches
Tc and GR can not be expanded for small as. Further-
more, since the Wightman function GW the quantum
scattering rate Γ(k) can be calculated by GW (ω,k) =
− ImGR(ω,k)
sinh(ωβ/2)) and Γ(k) =
∫
d3q
2(2π)3GW (ǫk + ǫq−k −
2µ,q) cosh((ǫk−µ)/2T )cosh((ǫq−k−µ)/2T ) , their behaviors for small as can
be easily derived as GR ∝ za2s
√
T/N and Γ(k) ∝
za2sT
2/N , where z ≡ exp(µ/T ) is the fugacity. Please re-
fer to Appendix C for the details. K˜1(k˜, k˜′) and K˜2(k˜, k˜′)
in the integral kernel of Eq. (20) are functions of GR
and GW as shown in Eq. (18). Then it’s straight for-
ward to obtain the behaviors as K˜1(k˜, k˜′) ∝ za2sT and
K˜2(k˜, k˜′) ∝ za2sT . The three terms in Eq. (20) are all
have the same asymptotic form of za2sT . Hence, as as →
0− the Lyapunov exponent behaves as λL ∝ za2sT 2/N ,
which is consistent with the results on the Fermi liquid
theory with well defined quasi-particles [29, 38, 39].
VI. CONCLUSIONS
We have computed the Lyapunov exponent for a N-
flavor Fermion system using 1/N expansion. The varia-
tion of the Lyapunov exponent with respect to the scat-
tering length as and the temperature T has been inves-
tigated. When T is fixed the Lyapunov exponent mono-
tonically increases as the 1/askF increases from the BCS
limit to the unitary regime. When the scattering length
is fixed to 1/askF = 0 the Lyapunov exponent increases
while the temperature drops. Around the critical tem-
perature it can reach to the order of λL ∼ T for N = 1
case. Basically, our results indicate that with strong pair-
ing fluctations the system exhibits strong chaos. Further-
more, the behavior of λL at the BCS limit was calculated
as λL ∝ za2sT 2/N , which is consistent with the Fermi liq-
uid theory.
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Appendix A: Approximations for the reduction of
Eq. (17)
With the first approximation the first term of f1 in Eq.
(15) is dropped. Then the the Bethe-Salpeter equations
in Eq. (15) is reduced to
f1(ν;ω,k) =GR(ω,k)G
∗
R(ω − ν,k)
∫
dω′d3k′
(2π)4(K1(ν;ω,k;ω′,k′)f2(ν;ω′,k′)
+K2(ν;ω,k;ω′,k′)f1(ν;ω′,k′)
)
,
f2(ν;ω,k) =GR(ω,k)G
∗
R(ω − ν,k)
6∫
dω′d3k′
(2π)4
K1(ν;ω,k;ω′,k′)f1(ν;ω′,k′),
(A1)
The second approximation is performed on the pair prop-
agators GR(ω,k)G
∗
R(ω − ν,k). In the free fermion case
it’s expressed as
GR(ω,k)G
∗
R(ω − ν,k) =
1
ω − ǫk + µ+ i0+
1
ω − ν − ǫk + µ− i0+ . (A2)
The integration over ω can be evaluated by the method
of residue. Then it’s straight forward to yield
GR(ω,k)G
∗
R(ω − ν,k) =
2πiδ(ω − ǫk + µ)
ν + 2i0+
. (A3)
The approximation is taken by replacing the 0+ by the
scattering rate Γ(k) for the interacting case. Then,
GR(ω,k)G
∗
R(ω − ν,k) =
2πiδ(ω − ǫk + µ)
ν + 2iΓ(k)
. (A4)
As discussed in the maintext the third approximation is
to postulate the on-shell form fi(ν;ω,k) ≈ fi(ν;k)δ(ω −
ǫk + µ). Then the Eq. (A1) can be written as
(−iν + 2Γ(k))f1(ν;k) =
∫
dω′d3k′
(2π)4
2πδ(ω − ǫk + µ)(
K1(ν;ω,k;ω′,k′)f2(ν;k′) +K2(ν;ω,k;ω′,k′)f1(ν;k′)
)
,
(−iν + 2Γ(k))f2(ν;k) =
∫
dω′d3k′
(2π)4
2πδ(ω − ǫk + µ)
K1(ν;ω,k;ω′,k′)f1(ν;k′). (A5)
Assuming fi(ν;k
′) is rotationally invariant and perform-
ing the integration by implementing the delta function
δ(ω − ǫk + µ) one obtains the Eq. (17).
Appendix B: Remarks on Numerical technique
To numerically solve for the Lyapunov exponent we
first discretize the momenta k˜ and k˜′ of the integral ker-
nel S(k˜, k˜′) in Eq. (20) into Nsize pieces. The cutoffs
of momenta k˜ and k˜′ are set to Λ = 15. We have also
checked the convergence of the results by performing the
calculation for larger cutoffs. The kernel S(k˜, k˜′) is sym-
metric for exchanging k˜ and k˜′. Then it can be easily di-
agonalized to obtain the eigenvalues, which are denoted
as λi here. The Lyapunov exponent is related to the
largest eigenvalue as λLN/T = max(λi). Then the same
calculation is performed for different Nsize and the corre-
sponding value of λLN/T is obtained. As an example we
illustrate the case of 1/askF = 0 and T/TF = 0.24 in Fig.
4 . The final value of λLN/T is read by the extrapolation
to 1/Nsize = 0.
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FIG. 4. (Color online) The extrapolation of λL/T as a func-
tion of the discretized interval 1/Nsize. This plot is for the
case of 1/askF = 0 and T/TF = 0.24.
Appendix C: Behaviors at BCS limit
At the BCS limit one has a−1s → −∞. Then the
asymptotic behaviors of various propagators and the
scattering rate Γ(k) are demonstrated as the following.
The full propagator of field ϕ is
GR(ω,k) = 1/N
1/g −Π(ω,k) ≡
1/N
Re+ iIm
, (C1)
where
Re =− m
4πas
+
∫
d3k
(2π)3
1
2ǫk
−
∫
d3k
(2π)3
1− nF (ǫk − µ)− nF (ǫq−k − µ)
−ω + ǫk + ǫq−k − 2µ
Im =−π
∫
d3k
(2π)3
(1 − nF (ǫk − µ)− nF (ǫq−k − µ))
δ(−ω + ǫk + ǫq−k − 2µ). (C2)
After we rescale all the momenta and frequency by k→
k/
√
T , q→ q/√T and ω → ω/T it’s straight forward to
get the following asymptotic behaviors for large a−1s
Re ∝ a−1s ,
Im ∝
√
T . (C3)
Notice that the temperature here must be far from the
superfluid critical temperature, otherwise Re→ 0. Then
for large a−1s the propagator GR(ω,k) behaves as
GR(ω,k) ∝ as/N. (C4)
The imginary part of GR(ω,k) is
ImGR(ω,k) = − 1
N
Im
Re2 + Im2
∝ a2s
√
T/N. (C5)
The Wightman function of field ϕ behaves as
GW (ωk − 2µ,k)≡ AB(ωk − 2µ,k)
2 sinh((ωk − 2µ)β/2)
7=
− ImGR(ωk − 2µ,k)
sinh((ωk − 2µ)β/2))
∝ za2s
√
T/N. (C6)
The self-energy of fermions is
Σ(iωfn,k) =
1
β
∑
ωbm
∫
d3q
(2π)3
G(iωbm,q)
−iωbm + iωfn + ǫq−k − µ
,
(C7)
where the summation over ωbm is equivalent to a contour
integration as the following
Σ(iωfn,k) =
∫
d3q
(2π)3
( ∫ dz
2πi
nB(z)(GR(z,q)− GA(z,q))
−z + iωfn + ǫq−k − µ
−G(iωfn + ǫq−k − µ,q)nF (ǫq−k − µ)
)
, (C8)
where GA is the advanced Green’s function for field ϕ.
After we take a analytical continuation the imaginary
part of the self-energy can be calculated as
ImΣ(ω + i0+,k)
= −
∫
d3q
2(2π)3
(
nF (ǫq−k − µ)AB(ω + ǫq−k − µ)
+
∫
dzAB(z)δ(−z + ω + ǫq−k − µ)nB(z)
)
= −
∫
d3q
2(2π)3
GW (ω + ǫq−k − µ,q)
cosh( ω2T )
cosh(
ǫq−k−µ
2T )
.
(C9)
The quantum scattering rate is defined as Γ(k) =
− ImΣ(ǫk − µ+ i0+,k). Then it can be written as
Γ(k) =
∫
d3q
2(2π)3
GW (ǫk + ǫq−k − 2µ,q)
cosh( ǫk−µ2T )
cosh(
ǫq−k−µ
2T )
.
(C10)
As we have derived in Eq. (C6) the asymptotic behavior
of the Wightman function is GW (ǫk + ǫq−k − 2µ,q) ∝
za2s
√
T/N , then the asymptotic behavior of the quantum
scattering rate for large a−1s is as the following
Γ(k) ∝ za2sT 2/N. (C11)
With all above asymptotic forms of GR(ω,k), GW (ω,k)
and Γ(k) straight forward calculation yields
K˜1(k˜, k˜′) ∝ za2sT,
K˜2(k˜, k˜′) ∝ za2sT, (C12)
and hence
S(k˜, k˜′) ∝ za2sT. (C13)
Then the asymptotic behavior of Laypunov exponent
λL for large a
−1
s is
λL ∝ T (za2sT )/N = za2sT 2/N. (C14)
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